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The	
  general	
  problem	
  to	
  solve	
  

	
  How	
  do	
  I	
  generate	
  random	
  samples	
  from	
  
an	
  arbitrarily	
  chosen	
  probability	
  
distribu(on	
  z ~ P(z),	
  especially	
  when	
  my	
  
knowledge	
  of	
  P(z)	
  itself	
  may	
  be	
  limited?	
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The	
  most	
  common	
  example	
  

Posterior	
  distribu(ons	
  can	
  be	
  
very	
  complicated	
  when	
  there	
  
are	
  lots	
  of	
  hypotheses.	
  	
  

Sampling	
  from	
  P(h|x)	
  might	
  
be	
  a	
  very	
  nice	
  thing	
  to	
  be	
  able	
  
to	
  do!!
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Overview	
  

•  The	
  conjugacy	
  trick	
  
– Something	
  that	
  we	
  can	
  use	
  to	
  avoid	
  having	
  to	
  
resort	
  to	
  computa(onal	
  methods	
  

– Also	
  something	
  that	
  is	
  a	
  building	
  block	
  for	
  a	
  lot	
  of	
  
models	
  that	
  get	
  used	
  in	
  real	
  life	
  

•  Importance	
  sampling	
  
– A	
  very	
  simple	
  Monte	
  Carlo	
  method	
  that	
  is	
  rarely	
  
useful,	
  but	
  provides	
  the	
  founda(ons	
  for	
  things	
  
that	
  actually	
  are	
  useful	
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Overview	
  

•  Markov	
  chain	
  Monte	
  Carlo	
  
– A	
  clever	
  trick	
  that	
  solves	
  a	
  lot	
  of	
  problems	
  

– Detailed	
  discussion	
  of	
  Metropolis-­‐Has(ngs	
  	
  
– Quick	
  comments:	
  Gibbs	
  sampling	
  &	
  simulated	
  
annealing	
  

•  Par(cle	
  filtering	
  
– A	
  digression	
  on	
  likelihood	
  weigh(ng.	
  
– How	
  to	
  make	
  importance	
  sampling	
  actually	
  useful	
  
for	
  problems	
  that	
  have	
  a	
  sequen(al	
  structure.	
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Nota(on	
  

•  Lecture	
  goes	
  back	
  and	
  forth	
  between:	
  
– Sampling	
  from	
  some	
  generic	
  distribu(on	
  

– Sampling	
  from	
  the	
  posterior	
  distribu(on	
  

•  The	
  ideas	
  are	
  quite	
  general,	
  but	
  I’ll	
  dis(nguish	
  
between	
  the	
  two	
  cases	
  nota(onally:	
  
– Generic	
  distribu(on:	
  P(z)!
– Posterior	
  distribu(on:	
  P(h|x)!

•  I’ve	
  go\en	
  sloppy	
  about	
  “p	
  versus	
  P”	
  nota(on	
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WARNING:	
  Computa(onal	
  sta(s(cs	
  can	
  be	
  hard.	
  

It’s	
  worth	
  the	
  effort	
  though.	
  The	
  ideas	
  in	
  these	
  
lectures	
  (a)	
  are	
  cri(cal	
  for	
  later	
  parts	
  of	
  the	
  
course,	
  and	
  (b)	
  formed	
  the	
  founda(on	
  for	
  nearly	
  
every	
  major	
  advance	
  in	
  Bayesian	
  sta(s(cs	
  and	
  a	
  
solid	
  chunk	
  of	
  probabilis(c	
  machine	
  learning	
  in	
  
the	
  last	
  20	
  years.	
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THE	
  CONJUGACY	
  TRICK	
  
Actually,	
  this	
  first	
  part	
  has	
  nothing	
  to	
  do	
  with	
  our	
  “sample	
  from	
  P(z)”	
  
problem,	
  but	
  it’s	
  so	
  very	
  common	
  in	
  sta(s(cs,	
  cogni(ve	
  science	
  and	
  
machine	
  learning	
  that	
  I	
  really	
  ought	
  to	
  talk	
  about	
  it	
  a	
  bit…	
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I	
  hate	
  coding	
  

•  As	
  a	
  rule…	
  if	
  I	
  can	
  find	
  any	
  trick	
  to	
  avoid	
  or	
  
minimise	
  the	
  amount	
  of	
  (me	
  I	
  spend	
  coding	
  
up	
  models,	
  I’ll	
  use	
  it.	
  

•  So	
  what	
  I	
  want	
  to	
  know	
  is…	
  when	
  can	
  I	
  avoid	
  
having	
  to	
  write	
  lots	
  of	
  code	
  to	
  solve	
  my	
  
problems?	
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Small	
  hypothesis	
  spaces	
  

•  “There’s	
  a	
  fireworks	
  display	
  tonight.”	
  	
  
•  What	
  day	
  of	
  the	
  year	
  is	
  it?”	
  

– Only	
  366	
  possible	
  hypotheses.	
  	
  
– P(h)	
  is	
  nearly	
  uniform	
  (except	
  for	
  Feb	
  29th)	
  
– P(x|h)	
  is	
  mostly	
  low,	
  with	
  a	
  few	
  days	
  that	
  are	
  high	
  
(e.g.,	
  Jan	
  1st,	
  Jan	
  26th	
  etc)	
  

– So	
  P(h|x)	
  involves	
  a	
  sum	
  over	
  366	
  simple	
  things.	
  
Easy.	
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Small	
  hypothesis	
  spaces	
  

•  Solu(on	
  is	
  simple…	
  
– Only	
  366	
  possible	
  hypotheses.	
  	
  
– P(h)	
  is	
  nearly	
  uniform	
  (except	
  Feb	
  29th)	
  
– P(x|h)	
  is	
  mostly	
  low	
  (except	
  Jan	
  1st,	
  Jan	
  26th	
  etc)	
  
– So	
  P(h|x)	
  involves	
  a	
  sum	
  over	
  366	
  simple	
  things.	
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Analy(c	
  solu(ons	
  

•  Email	
  priori(sa(on.	
  I	
  have	
  observed…	
  
– n = 100	
  emails	
  with	
  the	
  [allstaff]	
  tag. !
– k = 0 of	
  them	
  are	
  interes(ng.	
  	
  

•  What	
  is	
  the	
  probability	
  that	
  the	
  next	
  email	
  
that	
  has	
  the	
  [allstaff]	
  tag	
  turns	
  out	
  to	
  be	
  
interes(ng?	
  
– Can	
  we	
  solve	
  this	
  without	
  coding?	
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•  θ	
  is	
  the	
  probability	
  that	
  [allstaff]	
  is	
  useful…	
  

– The	
  posterior	
  p(θ|k)	
  is	
  a	
  density	
  over	
  θ!
– Need	
  the	
  likelihood	
  P(k|θ )	
  and	
  the	
  prior	
  p(θ ).	
  

Bayes	
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Likelihood	
  is	
  binomial	
  

•  Binomials:	
  
– The	
  probability	
  we	
  see	
  exactly	
  k	
  “successes”	
  from	
  

n	
  independent	
  trials,	
  where	
  the	
  probability	
  of	
  
individual	
  success	
  is	
  θ	
  

– The	
  formula:	
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Likelihood	
  is	
  binomial	
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Prior	
  is	
  beta	
  

•  Beta	
  distribu(on:	
  
–  Intui(ve	
  introduc(on	
  to	
  the	
  beta	
  distribu(on	
  is	
  
the	
  same	
  as	
  Laplace	
  smoothing…	
  

– Let’s	
  pretend	
  that	
  we’ve	
  seen	
  β1	
  “prior	
  successes”,	
  
and	
  β2	
  “prior	
  failures”	
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Prior	
  is	
  beta	
  

•  Beta	
  distribu(on:	
  
–  Intui(ve	
  introduc(on	
  to	
  the	
  beta	
  distribu(on	
  is	
  
the	
  same	
  as	
  Laplace	
  smoothing…	
  

– Let’s	
  pretend	
  that	
  we’ve	
  seen	
  β1	
  “prior	
  successes”,	
  
and	
  β2	
  “prior	
  failures”	
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Prior	
  is	
  beta	
  

•  Beta	
  distribu(on:	
  
–  Intui(ve	
  introduc(on	
  to	
  the	
  beta	
  distribu(on	
  is	
  
the	
  same	
  as	
  Laplace	
  smoothing…	
  

– Let’s	
  pretend	
  that	
  we’ve	
  seen	
  β1	
  “prior	
  successes”,	
  
and	
  β2	
  “prior	
  failures”	
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(Gamma	
  func(on?)	
  

•  Γ(x) = (x-1)!    for	
  integer	
  valued	
  x!
•  Γ(x) = (x-1)	
  Γ(x-1)    for	
  all	
  x	
  	
  
•  Γ(x)	
  	
  	
  	
  

– has	
  easily	
  computed	
  approxima(ons	
  for	
  all	
  x	
  (e.g.,	
  
Lanczos	
  approx	
  –	
  see	
  the	
  tech	
  note),	
  

–  is	
  a	
  built	
  in	
  func(on	
  in	
  lots	
  of	
  languages	
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Wait…	
  what	
  tech	
  note?	
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This	
  one!	
  



Betas	
  are	
  flexible,	
  handy	
  things	
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Betas	
  are	
  flexible,	
  handy	
  things	
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Betas	
  are	
  flexible,	
  handy	
  things	
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Betas	
  are	
  flexible,	
  handy	
  things	
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Betas	
  and	
  binomials	
  
go	
  together	
  nicely	
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Let’s	
  apply	
  Bayes’	
  rule	
  to	
  find	
  
the	
  posterior	
  distribu(on	
  over	
  
θ,	
  assuming	
  that	
  the	
  prior	
  is	
  
Beta	
  and	
  the	
  likelihood	
  is	
  
Binomial	
  



Betas	
  and	
  binomials	
  
go	
  together	
  nicely	
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Binomial	
  likelihood	
   Beta	
  prior	
  



Betas	
  and	
  binomials	
  
go	
  together	
  nicely	
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These	
  terms	
  don’t	
  depend	
  
on	
  θ,	
  so	
  they’re	
  just	
  
constants	
  of	
  propor(onality	
  



Betas	
  and	
  binomials	
  
go	
  together	
  nicely	
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So	
  we	
  can	
  basically	
  ignore	
  them…	
  we’re	
  
only	
  interested	
  in	
  p(θ|k)	
  up	
  to	
  a	
  
constant	
  of	
  propor(onality	
  anyway!	
  



Betas	
  and	
  binomials	
  
go	
  together	
  nicely	
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Finally,	
  if	
  we	
  collect	
  terms,	
  we	
  
get	
  this...	
  which	
  is	
  basically	
  
the	
  formula	
  for	
  a	
  beta	
  
distribu(on	
  again,	
  just	
  with	
  
different	
  parameter	
  values.	
  



The	
  conjugacy	
  property…	
  

•  If	
  p(θ)	
  is	
  Beta… 	
   	
   	
  θ ~ Beta(β1,β2)!
	
  and	
  P(k)	
  is	
  Binomial… 	
  k ~ Binomial(θ)!
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The	
  conjugacy	
  property…	
  

•  If	
  p(θ)	
  is	
  Beta… 	
   	
   	
  θ ~ Beta(β1,β2)!
	
  and	
  P(k)	
  is	
  Binomial… 	
  k ~ Binomial(θ)!

•  Then	
  p(θ|k) is	
  also	
  Beta...	
  
	
  	
   	
   	
   	
   	
   	
  	
  

	
  	
  	
  	
  	
   	
   	
  θ | k  ~  Beta(β1 + k , β2 + n-k) !!
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Back	
  to	
  the	
  email	
  problem	
  

•  Email	
  problem:	
  	
  
– Data	
  are	
  binomial	
  

–  	
  k = 0	
   	
   	
  good	
  emails	
  
–   n = 100 	
  emails	
  total	
  

•  Priors:	
  
–  I	
  have	
  a	
  bias	
  to	
  think	
  emails	
  oqen	
  useless	
  

– Beta	
  prior	
  with,	
  say….	
  β1	
  = 1,	
  β2	
  = 3!

33	
  



The	
  posteriors,	
  and	
  my	
  expecta(ons	
  
about	
  the	
  future	
  of	
  my	
  email…	
  

•  Using	
  the	
  conjugacy	
  property:	
  
– Posterior	
  is	
  Beta(β1	
  + k,	
  β2	
  + n-k)!
–  i.e.,	
  Beta(1,103)!

•  Probability	
  that	
  new	
  email	
  will	
  be	
  good?	
  
– Mean	
  of	
  Beta(x,y)	
  distribu(on	
  is	
  x / (x+y)!
– 1/104 = .0096!

34	
  
No(ce	
  that	
  this	
  is	
  a	
  similar	
  result	
  to	
  Laplace	
  
smoothing…	
  which	
  is	
  what	
  you’d	
  hope	
  to	
  see.	
  	
  



Postscript	
  

•  Why	
  such	
  a	
  fuss	
  over	
  beta-­‐binomial	
  models?	
  
–  It’s	
  basically	
  just	
  Laplace	
  smoothing	
  right?	
  

– Sort	
  of:	
  beta-­‐binomials	
  give	
  you	
  the	
  theore(cal	
  
founda(ons	
  to	
  Laplace	
  smoothing,	
  but	
  they’re	
  
more	
  general.	
  

– The	
  full	
  probabilis(c	
  formalism	
  gives	
  you	
  access	
  to	
  
other	
  measures	
  besides	
  the	
  posterior	
  mean.	
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Postscript	
  

•  Why	
  such	
  a	
  fuss	
  over	
  beta-­‐binomial	
  models?	
  
– Beta-­‐binomials	
  (and	
  their	
  mul(variate	
  
generalisa(on,	
  Dirichlet-­‐mul(nomials)	
  are	
  a	
  basic	
  
building	
  block	
  for	
  lots	
  of	
  very	
  cool	
  methods.	
  

– See,	
  e.g.,	
  latent	
  Dirichlet	
  alloca?on	
  (look	
  it	
  up	
  on	
  
Google).	
  It’s	
  a	
  machine	
  learning	
  tool	
  popular	
  for	
  
the	
  last	
  8	
  years	
  or	
  so;	
  relies	
  fundamentally	
  on	
  the	
  
conjugacy	
  trick	
  that	
  I’ve	
  just	
  described.	
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Postscript	
  

•  The	
  conjugacy	
  trick	
  is	
  quite	
  general…	
  
– beta-­‐binomial	
  

– Dirichlet-­‐mul(nomial	
  
– Poisson-­‐gamma	
  
– normal-­‐gamma	
  

– mul(variate	
  normal-­‐inverse	
  Wishart	
  
– Dirichlet	
  process–i.i.d.	
  sampling	
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(any	
  likelihood	
  func(on	
  in	
  
the	
  “exponen(al	
  family”	
  
has	
  a	
  conjugate	
  prior)	
  



This	
  is	
  good	
  spot	
  to	
  ask	
  ques(ons.	
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A	
  BILLION	
  WAYS	
  THAT	
  STATISTICS	
  
CAN	
  BE	
  VERY	
  HARD.	
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A	
  very	
  simple	
  inference	
  problem	
  

•  A	
  survey	
  of	
  100	
  people	
  
– Asks	
  whether	
  they	
  agree	
  or	
  disagree	
  with	
  20	
  
statements	
  about	
  “the	
  strong	
  AI	
  hypothesis”	
  (that	
  the	
  
mind	
  is	
  a	
  Turing	
  machine	
  )	
  

•  The	
  reponses:	
  
– Most	
  humans	
  are	
  pre\y	
  similar	
  to	
  each	
  other,	
  and	
  	
  
they	
  don’t	
  agree	
  with	
  many	
  of	
  your	
  survey	
  ques(ons	
  

–  But	
  as	
  it	
  turns	
  out,	
  some	
  of	
  your	
  respondents	
  are	
  
actually	
  robots,	
  and	
  they	
  have	
  a	
  different	
  opinion…	
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A	
  very	
  simple	
  inference	
  problem	
  

•  A	
  survey	
  of	
  100	
  people	
  
– Asks	
  whether	
  they	
  agree	
  or	
  disagree	
  with	
  20	
  
statements	
  about	
  “the	
  strong	
  AI	
  hypothesis”	
  (that	
  the	
  
mind	
  is	
  a	
  Turing	
  machine	
  )	
  

•  The	
  reponses:	
  
– Most	
  humans	
  are	
  pre\y	
  similar	
  to	
  each	
  other,	
  and	
  	
  
they	
  don’t	
  agree	
  with	
  many	
  of	
  your	
  survey	
  ques(ons	
  

–  But	
  as	
  it	
  turns	
  out,	
  some	
  of	
  your	
  respondents	
  are	
  
actually	
  robots,	
  and	
  they	
  have	
  a	
  different	
  opinion…	
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The	
  AI	
  survey	
  “data”	
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The	
  AI	
  survey	
  “data”	
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A	
  model	
  for	
  these	
  data	
  

•  With	
  probability	
  φ,	
  the	
  respondent	
  is	
  human	
  
•  For	
  robots,	
  the	
  number	
  of	
  agreements	
  is	
  
binomial	
  with	
  rate	
  θ0	
  

•  For	
  humans,	
  the	
  number	
  of	
  agreements	
  is	
  
binomial	
  with	
  rate	
  θ1	
  

•  Three	
  unknown	
  parameters	
  φ,	
  θ0	
  and	
  θ1	
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Priors	
  for	
  this	
  model?	
  

•  Beta	
  distribu(on:	
  

45	
  

a = 2, b = 11! Use	
  beta	
  priors	
  for	
  all	
  three	
  
parameters,	
  θ0,	
  θ1	
  and	
  φ,	
  but	
  with	
  
different	
  values	
  of	
  a	
  and	
  b	
  for	
  each	
  
case	
  



Likelihoods	
  for	
  this	
  model	
  

•  Mixture	
  of	
  two	
  binomials:	
  

	
  where:	
  

	
  and	
  N = 20!
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The	
  true	
  distribu(on:	
  

•  θ1 = .3, θ0 = .8, φ = .7:!
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Here’s	
  the	
  true	
  answer	
  &	
  the	
  
hypothesis	
  space	
  that	
  it	
  belongs	
  to…	
  

humans,	
  θ1	
  

ro
bo

ts
,	
  θ

0	
  

P(
hu

m
an
)=
	
  φ
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TWO	
  VERY	
  BAD	
  IDEAS,	
  IF	
  YOU	
  WANT	
  TO	
  
KNOW	
  ABOUT	
  THE	
  POSTERIOR	
  
DISTRIBUTION…	
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Trying	
  to	
  solve	
  it	
  analy(cally?	
  

•  Here’s	
  the	
  mathema(cal	
  expression:	
  

•  The	
  triple-­‐integral	
  there	
  looks	
  nasty	
  
– and	
  this	
  problem	
  is	
  much	
  simpler	
  than	
  anything	
  
you	
  might	
  need	
  to	
  solve	
  in	
  real	
  life!	
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Trying	
  to	
  solve	
  it	
  by	
  brute	
  force?	
  

•  We	
  could	
  discre(se	
  the	
  hypothesis	
  space	
  
– 1000 values	
  for	
  θ0,	
  1000 values	
  for	
  θ1	
  and	
  1000 
values	
  for	
  φ	
  means	
  we	
  need	
  to	
  sum	
  over	
  109 

hypotheses	
  	
  

–  In	
  general,	
  Q	
  values	
  for	
  K	
  parameters	
  is	
  going	
  to	
  
require	
  you	
  to	
  compute	
  predic(ons	
  for	
  QK	
  
hypotheses.	
  	
  

–  Interes(ng	
  models	
  can	
  have	
  large	
  K,	
  so	
  this	
  isn’t	
  
going	
  to	
  scale	
  very	
  well!	
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Trying	
  to	
  solve	
  it	
  by	
  brute	
  force?	
  

•  We	
  could	
  discre(se	
  the	
  hypothesis	
  space	
  
– 1000 values	
  for	
  θ0,	
  1000 values	
  for	
  θ1	
  and	
  1000 
values	
  for	
  φ means	
  we	
  need	
  to	
  sum	
  over	
  109 

hypotheses	
  	
  

–  In	
  general,	
  Q	
  values	
  for	
  K	
  parameters	
  is	
  going	
  to	
  
require	
  you	
  to	
  compute	
  predic(ons	
  for	
  QK	
  
hypotheses.	
  	
  

–  Interes(ng	
  models	
  can	
  have	
  large	
  K,	
  so	
  this	
  isn’t	
  
going	
  to	
  scale	
  very	
  well!	
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The	
  fundamental	
  problem:	
  the	
  space	
  is	
  
big	
  and	
  the	
  distribu(on	
  is	
  sparse	
  

This	
  is	
  a	
  thin	
  slice	
  through	
  a	
  
“brute	
  force”	
  evalua(on	
  for	
  a	
  
100	
  by	
  100	
  by	
  100	
  grid	
  over	
  
the	
  parameters	
  θ0 ,	
  θ1	
  	
  and	
  φ. 
(φ  =	
  .7	
  in	
  this	
  slice).	
  

humans,	
  θ1	
  

ro
bo

ts
,	
  θ

0	
  

53	
  



The	
  fundamental	
  problem:	
  the	
  space	
  is	
  
big	
  and	
  the	
  distribu(on	
  is	
  sparse	
  

This	
  is	
  a	
  thin	
  slice	
  through	
  a	
  
“brute	
  force”	
  evalua(on	
  for	
  a	
  
100	
  by	
  100	
  by	
  100	
  grid	
  over	
  
the	
  parameters	
  θ0 ,	
  θ1	
  	
  and	
  φ. 
(φ  =	
  .7	
  in	
  this	
  slice).	
  

The	
  posterior	
  is	
  “sparse”.	
  
2243	
  of	
  the	
  1030301	
  
parameter	
  sets	
  (a	
  mere	
  
0.22%)	
  make	
  up	
  95%	
  of	
  the	
  
posterior	
  probability	
  

Very	
  wasteful	
  simula(on.	
  
humans,	
  θ1	
  

ro
bo

ts
,	
  θ

0	
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The	
  fundamental	
  problem:	
  the	
  space	
  is	
  
big	
  and	
  the	
  distribu(on	
  is	
  sparse	
  

Sparsity	
  means	
  that	
  
randomly	
  chosen	
  
parameter	
  values	
  
aren’t	
  very	
  likely	
  to	
  be	
  
useful.	
  	
  

We	
  need	
  to	
  do	
  
something	
  smarter	
  
than	
  brute	
  force	
  
evalua(on	
  (or	
  random	
  
genera(on)	
  

humans,	
  θ1	
  

ro
bo

ts
,	
  θ

0	
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Interim	
  summary	
  

•  When	
  the	
  number	
  of	
  parameters	
  gets	
  large,	
  
the	
  posterior	
  distribu(on	
  	
  
–  is	
  usually	
  analy(cally	
  intractable	
  
–  is	
  defined	
  over	
  a	
  high-­‐dimensional	
  space	
  
– has	
  near-­‐zero	
  probability	
  across	
  the	
  vast	
  majority	
  
of	
  that	
  space	
  (esp.	
  when	
  you	
  have	
  a	
  lot	
  of	
  data)	
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PROPOSED	
  SOLUTION…	
  GENERATE	
  
SOLUTIONS	
  BY	
  SAMPLING	
  “DIRECTLY”	
  
FROM	
  THIS	
  POSTERIOR	
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Using	
  samples	
  for	
  es(ma(on	
  
–  If	
  we	
  have	
  a	
  set	
  of	
  samples	
  
from	
  the	
  distribu?on,	
  we	
  can	
  
use	
  that	
  set	
  of	
  samples	
  to	
  
construct	
  approxima(ons	
  to	
  
that	
  distribu(on	
  

–  e.g.,	
  approxima(ng	
  the	
  beta
(20,12)	
  with	
  100	
  samples	
  

–  Sparsity	
  of	
  the	
  distribu(on	
  
doesn’t	
  ma\er	
  as	
  much,	
  
because	
  the	
  samples	
  will	
  be	
  
concentrated	
  in	
  the	
  right	
  part	
  
of	
  the	
  space!	
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Using	
  samples	
  for	
  es(ma(on	
  
–  If	
  we	
  have	
  a	
  set	
  of	
  samples	
  
from	
  the	
  distribu?on,	
  we	
  can	
  
use	
  that	
  set	
  of	
  samples	
  to	
  
construct	
  approxima(ons	
  to	
  
that	
  distribu(on	
  

–  e.g.,	
  approxima(ng	
  the	
  	
  	
  	
  	
  
Beta(20,12)	
  with	
  100	
  samples	
  

–  Sparsity	
  of	
  the	
  distribu(on	
  
doesn’t	
  ma\er	
  as	
  much,	
  
because	
  the	
  samples	
  will	
  be	
  
concentrated	
  in	
  the	
  right	
  part	
  
of	
  the	
  space!	
  

Note	
  that	
  what	
  we’re	
  
doing	
  is	
  trea(ng	
  the	
  set	
  
of	
  samples	
  as	
  if	
  it	
  were	
  
the	
  actual	
  distribu(on!	
  	
  

This	
  “Monte	
  Carlo”	
  idea	
  
is	
  a	
  trick	
  we	
  are	
  going	
  to	
  
use	
  a	
  lot.	
  	
  	
  

59	
  



Using	
  samples	
  for	
  es(ma(on	
  
–  If	
  we	
  have	
  a	
  set	
  of	
  samples	
  
from	
  the	
  distribu?on,	
  we	
  can	
  
use	
  that	
  set	
  of	
  samples	
  to	
  
construct	
  approxima(ons	
  to	
  
that	
  distribu(on	
  

–  e.g.,	
  approxima(ng	
  the	
  	
  	
  	
  	
  
Beta(20,12)	
  with	
  100	
  samples	
  

–  Sparsity	
  of	
  the	
  distribu(on	
  
doesn’t	
  ma\er	
  as	
  much,	
  
because	
  the	
  samples	
  will	
  be	
  
clustered	
  in	
  the	
  right	
  part	
  of	
  
the	
  space!	
  

humans,	
  θ1	
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“Monte	
  Carlo	
  approxima(on”	
  to	
  a	
  
distribu(on	
  P(z)!

•  Treat	
  the	
  distribu(on	
  of	
  the	
  samples	
  as	
  an	
  
approxima(on	
  to	
  P(z)!

•  Formally:	
  

	
  for	
  zi ~ P(z)!
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Sort	
  of	
  dumb	
  to	
  have	
  so	
  much	
  nota(on	
  
for	
  something	
  so	
  simple,	
  but	
  it’s	
  hand.	
  



“Monte	
  Carlo	
  approxima(on”	
  to	
  a	
  
distribu(on	
  P(z)!
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All	
  it	
  means	
  is	
  that	
  we’re	
  
approxima(ng	
  the	
  distribu(on	
  
of	
  interest	
  P(z)	
  by	
  taking	
  an	
  
average…	
  



“Monte	
  Carlo	
  approxima(on”	
  to	
  a	
  
distribu(on	
  P(z)!
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…	
  the	
  average	
  of	
  lots	
  of	
  “delta	
  func(ons”;	
  which	
  
assign	
  probability	
  1	
  to	
  the	
  value	
  zi	
  and	
  probability	
  0	
  
to	
  all	
  others	
  



“Monte	
  Carlo	
  approxima(on”	
  to	
  a	
  
distribu(on	
  P(z)!
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In	
  short…	
  the	
  sample	
  itself	
  is	
  being	
  used	
  as	
  an	
  
approxima(on	
  to	
  the	
  target	
  distribu?on	
  P()!



The	
  big	
  ques(on:	
  where	
  do	
  these	
  
samples	
  come	
  from?	
  

Some(mes,	
  the	
  world	
  will	
  do	
  
the	
  work	
  for	
  you!	
  

There	
  are	
  problems	
  in	
  psychology	
  where	
  the	
  
world	
  generates	
  “samples”	
  from	
  a	
  target	
  
distribu(on	
  for	
  you.	
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The	
  big	
  ques(on:	
  where	
  do	
  these	
  
samples	
  come	
  from?	
  

t~Poisson(λ)!
set	
  L=exp(-λ); t=0; p=1;!
do	
  while	
  p > L!

t = t+1;!
generate	
  u ~ Uniform([0,1])!
p = p*u;!

t = t-1;!

Some(mes	
  there	
  is	
  a	
  well-­‐
known	
  algorithm	
  for	
  
sampling	
  from	
  the	
  

distribu(on	
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*	
  hint.	
  You’ll	
  need	
  this	
  algorithm	
  
during	
  the	
  decision	
  making	
  lectures	
  



The	
  big	
  ques(on:	
  where	
  do	
  these	
  
samples	
  come	
  from?	
  

In	
  most	
  cases,	
  we	
  don’t	
  have	
  
an	
  algorithm	
  designed	
  to	
  
generate	
  samples	
  directly	
  

from	
  P(z)!
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Three	
  sugges(ons	
  

•  Importance	
  sampling	
  
•  Markov	
  chain	
  Monte	
  Carlo	
  (MCMC)	
  

– Metropolis-­‐Has(ngs	
  

– Gibbs	
  sampling	
  

•  Par(cle	
  filtering	
  
– aka.	
  Sequen(al	
  importance	
  samplers	
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IMPORTANCE	
  SAMPLING	
  WHEN	
  WE	
  
CAN	
  EVALUATE	
  THE	
  EQUATION	
  FOR	
  P(Z)	
  

Let’s	
  start	
  with	
  a	
  method	
  that	
  is	
  totally	
  useless	
  in	
  real	
  life!	
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What	
  do	
  we	
  know	
  about	
  P(z)?	
  
•  Obviously,	
  if	
  the	
  answer	
  is	
  “nothing	
  
whatsoever”,	
  then	
  we’re	
  screwed…	
  

•  Suppose	
  we	
  know	
  the	
  equa(on	
  for	
  P(z).	
  	
  
– So	
  we	
  can	
  *evaluate*	
  P(z),	
  but	
  we	
  don’t	
  know	
  for	
  
sure	
  (ahead	
  of	
  (me)	
  which	
  values	
  of	
  z	
  correspond	
  
to	
  big	
  or	
  small	
  values	
  of	
  P(z).	
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Importance	
  sampling	
  

•  The	
  idea…	
  
–  I	
  can’t	
  sample	
  directly	
  from	
  P(z).	
  So	
  I’ll	
  make	
  up	
  
some	
  other	
  distribu(on	
  Q(z)	
  which	
  looks	
  similar,	
  
but	
  which	
  I	
  do	
  know	
  how	
  to	
  sample	
  from….	
  

•  Specifically…	
  
–  I’ll	
  sample	
  z ~ Q(z) first,	
  and	
  then	
  make	
  some	
  
“correc(ons”	
  to	
  deal	
  with	
  the	
  fact	
  that P ≠ Q!
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Importance	
  sampling	
  

•  Even	
  more	
  specifically…	
  
– Generate	
  the	
  samples	
  from	
  the	
  wrong	
  distribu(on	
  

Q(),	
  and	
  then	
  re-­‐weight	
  them	
  to	
  correct	
  for	
  the	
  
fact	
  that	
  Q() ≠ P().	
  

– That	
  is,	
  the	
  unweighted	
  samples	
  approximate	
  Q()!
– But	
  the	
  weighted	
  samples	
  approximate	
  P().	
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P(z)!

Q(z)!
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The	
  thing	
  we	
  know	
  
how	
  to	
  sample	
  from,	
  
called	
  the	
  importance	
  
distribu?on	
  

The	
  thing	
  we	
  want	
  to	
  
generate	
  samples	
  from,	
  called	
  
the	
  target	
  distribu?on	
  



This	
  is	
  more	
  likely	
  under P() 
than	
  Q(),	
  so	
  if	
  we	
  don’t	
  
correct	
  for	
  it,	
  this	
  value	
  of z 
will	
  be	
  underweighted	
  	
  

(that	
  is,	
  if	
  we	
  don’t	
  reweight	
  
we’ll	
  have	
  too	
  many	
  samples	
  
here)	
  	
  !

74	
  



This	
  is	
  less	
  likely	
  under P() 
than	
  Q(),	
  so	
  if	
  we	
  don’t	
  
correct	
  for	
  it,	
  this	
  value	
  of z 
will	
  be	
  overweighted	
  	
  

(that	
  is,	
  if	
  we	
  don’t	
  reweight	
  
we’ll	
  won’t	
  have	
  enough	
  
samples	
  here)	
  	
  !
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How	
  much	
  to	
  reweight:	
  

•  We	
  want	
  value	
  z	
  to	
  appear	
  with	
  prob.	
  P(z)!
•  It	
  actually	
  appears	
  with	
  prob.	
  Q(z)	
  

•  Therefore,	
  the	
  importance	
  weight	
  that	
  we	
  
assign	
  to	
  a	
  sampled	
  value	
  of	
  z	
  needs	
  to	
  be	
  	
  

	
   	
  	
   	
   	
  	
  

	
  	
   	
   	
   	
   	
   !w(z) = P(z) / Q(z)!
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The	
  Monte	
  Carlo	
  approxima(on	
  to	
  P(z)	
  
based	
  on	
  importance	
  sampling…	
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IMPORTANCE	
  SAMPLING	
  “ALGORITHM”!

for	
  i  = 1 : n!

	
  generate	
  sample	
  zi	
  from	
  the	
  importance	
  distribu(on	
  Q(z) !
	
  calculate	
  the	
  importance	
  weight	
  w(zi) = P(zi) / Q(zi)!

end	
  

treat	
  the	
  set	
  of	
  weighted	
  samples	
  zi	
  as	
  the	
  approxima(on	
  to	
  P(z) ,	
  	
  
and	
  calculate	
  what	
  ever	
  you	
  want;	
  e.g.	
  distribu(on	
  mean	
  is	
  
approximated	
  as	
  the	
  weighted	
  sample	
  mean,	
  etc.	
  



IN	
  REAL	
  LIFE,	
  IT’S	
  RARE	
  TO	
  HAVE	
  
THE	
  *WHOLE*	
  EQUATION…	
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A	
  very	
  common	
  situa(on	
  

80	
  

! " # $ # " !
$

$%"

$%&

$%'

$%(

#

#%"

)*+,-./0. x

12
/3
*3
4+4
56
.7
-8
94
56
: P

(x
)

P(z)	
  

P(z)	
  



Really?	
  Is	
  this	
  really	
  common?	
  

•  Yes.	
  	
  
– Almost	
  all	
  large-­‐scale	
  Bayesian	
  inference	
  problems	
  
are	
  exactly	
  this	
  situa(on,	
  for	
  the	
  special	
  case	
  
where	
  f(z)	
  is	
  the	
  prior	
  (mes	
  the	
  likelihood,	
  

–  i.e.	
  	
  f(z) =  P(d|z) P(z)!
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large	
  
scale	
  
Bayes	
  



Okay,	
  so	
  we	
  only	
  know	
  f(z)!
•  No	
  problem…	
  	
  

– We	
  know	
  f(z),	
  where	
  P(z) = k f(z) for	
  unknown	
  
constant	
  k!

– So	
  if	
  we	
  calculate	
  w*(z) = f(z) / Q(z),	
  then:	
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But	
  P(z)	
  is	
  a	
  probability	
  distribu(on…	
  

•  So	
  the	
  weights	
  ought	
  to	
  sum	
  to	
  1,	
  right?	
  
Therefore	
  we	
  can	
  approximate	
  k	
  like	
  this…	
  

•  And	
  so	
  our	
  distribu(on	
  approxima(on	
  is:	
  

•  Or,	
  to	
  put	
  it	
  in	
  a	
  simpler	
  way…	
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Importance	
  weights…	
  

•  If	
  we	
  only	
  know	
  f(z),	
  then the	
  importance	
  
weights	
  are:	
  

•  Otherwise,	
  everything	
  else	
  is	
  the	
  same	
  as	
  in	
  
the	
  earlier	
  version	
  when	
  we	
  knew	
  P(z).	
  
– same	
  pseudo	
  code,	
  but	
  with	
  this	
  formula	
  for	
  w(z)!
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[Demo]	
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P(z)!

Q(z)!

	
  If	
  Q	
  and	
  P	
  are	
  very	
  different	
  
to	
  each	
  other,	
  then	
  
importance	
  sampling	
  is	
  
horribly	
  inefficient	
  …	
  which	
  
means	
  that	
  you	
  need	
  a	
  lot	
  of	
  
inside	
  knowledge	
  about	
  P()	
  
to	
  make	
  it	
  work	
  

Kind	
  of	
  defeats	
  the	
  point.	
  

The	
  problem	
  with	
  importance	
  sampling	
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A	
  million	
  samples	
  and	
  it’s	
  s(ll	
  
complete	
  rubbish.	
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Interim	
  summary	
  

•  Why	
  do	
  importance	
  sampling?	
  
–  In	
  rare	
  cases,	
  it	
  is	
  actually	
  useful	
  (i.e.,	
  when	
  you	
  
almost	
  know	
  the	
  exact	
  answer)	
  

– More	
  realis(cally…	
  importance	
  sampling	
  is	
  a	
  
useful	
  precursor	
  to	
  MCMC	
  and	
  par(cle	
  filtering,	
  
which	
  actually	
  are	
  useful	
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This	
  is	
  good	
  spot	
  to	
  ask	
  ques(ons.	
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MARKOV	
  CHAIN	
  MONTE	
  CARLO	
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The	
  problem…	
  

•  As	
  before	
  the	
  problem	
  is:	
  	
  
– Generate	
  samples	
  from	
  P(z)!
– All	
  we	
  only	
  know	
  is	
  f(z),	
  where	
  P(z) = k f(z) !
–  f(z)	
  is	
  a	
  func(on	
  whose	
  values	
  we	
  can	
  calculate	
  

•  What	
  we’d	
  like	
  is:	
  
– For	
  the	
  method	
  to	
  actually	
  be	
  useful	
  this	
  (me.	
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The	
  tech	
  note…	
  

92	
  

Gives	
  you	
  a	
  simple	
  walk	
  through	
  of	
  
the	
  “standard”	
  MCMC	
  algorithm,	
  
with	
  an	
  illustra(on	
  of	
  how	
  it	
  needs	
  
to	
  be	
  tweaked	
  in	
  prac(ce.	
  	
  



The	
  idea…	
  

•  Can	
  we	
  do	
  something	
  kind	
  of	
  like	
  importance	
  
sampling,	
  but	
  where	
  we	
  allow	
  the	
  importance	
  
distribu(on	
  to	
  adapt*,	
  and	
  move	
  around	
  on	
  its	
  
own?	
  

•  With	
  any	
  luck,	
  it	
  would	
  move	
  to	
  the	
  right	
  spot,	
  
and	
  generate	
  good	
  samples,	
  without	
  us	
  
needing	
  to	
  do	
  too	
  much	
  fine	
  tuning.	
  

93	
  *	
  “adap(ve	
  importance	
  sampling”	
  is	
  something	
  different,	
  by	
  the	
  way.	
  



94	
  

A	
  good	
  sampling	
  algorithm	
  
ought	
  to	
  “no(ce”	
  that	
  all	
  of	
  
the	
  “good”	
  (high	
  weight)	
  

samples	
  are	
  the	
  ones	
  on	
  the	
  
right	
  hand	
  side…	
  and	
  move	
  
the	
  importance	
  distribu(on	
  

around	
  



Hold	
  onto	
  that	
  thought,	
  because	
  we’ll	
  
come	
  back	
  to	
  it.	
  In	
  the	
  mean(me…	
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Markov	
  chain	
  Monte	
  Carlo	
  

– Monte	
  Carlo:	
  because	
  it	
  involves	
  genera(ng	
  
samples	
  from	
  some	
  probability	
  distribu(on	
  

– Markov	
  chain:	
  because	
  the	
  sample	
  zt	
  depends	
  on	
  
zt-1,	
  but	
  is	
  otherwise	
  independent	
  of	
  z0, z1, …, zt-2!

z	
   z	
   z	
   z	
   z	
   z	
   z	
   z	
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We	
  make	
  use	
  of	
  the	
  informa(on	
  in	
  zt-1 to	
  
help	
  us	
  make	
  a	
  good	
  chioce	
  for	
  zt	
  



Markov	
  chain	
  Monte	
  Carlo	
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z0!

z1!
z2!

z3!z4!

At	
  each	
  step,	
  we	
  have	
  some	
  
rule	
  that	
  describes	
  the	
  
transi?on	
  probability	
  of	
  
moving	
  from	
  zt-1	
  to	
  zt	
  	
  



The	
  desired	
  behaviour	
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It	
  ought	
  to	
  “ji\er”	
  around	
  
the	
  high	
  probability	
  region	
  
of	
  the	
  posterior	
  distribu(on	
  



Markov	
  chain	
  Monte	
  Carlo	
  

•  THE	
  TRICK:	
  rig	
  the	
  Markov	
  chain	
  so	
  that	
  it	
  will	
  
converge	
  to	
  the	
  target	
  distribu(on,	
  and	
  draw	
  
samples	
  from	
  that	
  chain	
  

Transi(on	
  matrix	
  
T	
  =	
  P(zt+1|zt)	
  

z	
   z	
   z	
   z	
   z	
   z	
   z	
   z	
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Convergence?	
  

•  Ergodicity	
  of	
  (some)	
  Markov	
  chains…	
  
– Suppose	
  that	
  I	
  draw	
  my	
  ini(al	
  state	
  z0	
  from	
  some	
  
probability	
  distribu(on	
  P0.	
  	
  

–  I	
  then	
  sample	
  all	
  future	
  states	
  from	
  a	
  Markov	
  
chain	
  with	
  transi(on	
  matrix	
  T!

– What	
  is	
  the	
  probability	
  distribu(on	
  over	
  the	
  n-­‐th	
  
sample	
  in	
  the	
  chain?	
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What	
  happens	
  when	
  n	
  gets	
  large?	
  
•  Eventually	
  the	
  chain	
  becomes	
  independent	
  of	
  
the	
  start	
  point,	
  and	
  only	
  depends	
  on	
  the	
  
transi(on	
  matrix…	
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[Demo]	
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A	
  Markov	
  chain	
  with	
  P(z)	
  as	
  the	
  
sta(onary	
  distribu(on	
  

•  Metropolis-­‐Has(ngs…	
  	
  the	
  transi(ons	
  are	
  
broken	
  into	
  two	
  dis(nct	
  parts…	
  
– A	
  “proposal	
  distribu(on”	
  Q(z* | zt-1) for	
  
genera(ng	
  new	
  candidate	
  z	
  values;	
  depends	
  on	
  
old	
  z	
  value.	
  

– An	
  “acceptance	
  rule”	
  A(z*| zt-1) that	
  depends	
  on	
  
the	
  target	
  distribu(on	
  P(z)	
  	
  	
  (just	
  f(z)	
  actually).	
  
•  If	
  candidate	
  is	
  accepted,	
  set	
  zt = z*.	
  	
  
•  If	
  candidate	
  is	
  rejected,	
  set	
  zt = zt-1.	
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METROPOLIS-­‐HASTINGS	
  ALGORITHM,	
  FOR	
  
GENERATING	
  SAMPLES	
  FROM	
  AN	
  ARBITRARY	
  
DISTRIBUTION,	
  z ~ P()!

set	
  t = 0	
  
choose	
  a	
  ini(al	
  value	
  z0	
  arbitrarily	
  
choose	
  a	
  “proposal	
  distribu(on”	
  Q(z* | z)	
  that	
  you	
  can	
  sample	
  from	
  	
  
do	
  while	
  t < ∞!
	
   	
  increment:	
  t = t + 1!
generate	
  a	
  “candidate”	
  	
  z* ~	
  Q(  | zt-1) from	
  the	
  proposal	
  	
  
calculate	
  the	
  “acceptance	
  probability”,	
  A(z*| zt-1)!
generate	
  u ~ U([0,1])	
  from	
  a	
  uniform	
  distribu(on	
  
if	
  u ≤ A,	
  accept	
  the	
  candidate:	
  	
  set	
  zt = z*!
elseif	
  u > A,	
  reject	
  the	
  candidate:	
  set	
  zt = zt-1 !

as t ∞,	
  the	
  “state”	
  of	
  the	
  algorithm	
  converges	
  zt ~ P()!
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METROPOLIS-­‐HASTINGS	
  ALGORITHM,	
  FOR	
  
GENERATING	
  SAMPLES	
  FROM	
  AN	
  ARBITRARY	
  
DISTRIBUTION,	
  z ~ P()!

set	
  t = 0	
  
choose	
  a	
  ini(al	
  value	
  z0	
  arbitrarily	
  
choose	
  a	
  “proposal	
  distribu(on”	
  Q(z* | z)	
  that	
  you	
  can	
  sample	
  from	
  	
  
do	
  while	
  t < ∞!
	
   	
  increment:	
  t = t + 1!
generate	
  a	
  “candidate”	
  	
  z* ~	
  Q(  | zt-1) from	
  the	
  proposal	
  	
  
calculate	
  the	
  “acceptance	
  probability”,	
  A(z*| zt-1)!
generate	
  u ~ U([0,1])	
  from	
  a	
  uniform	
  distribu(on	
  
if	
  u ≤ A,	
  accept	
  the	
  candidate:	
  	
  set	
  zt = z*!
elseif	
  u > A,	
  reject	
  the	
  candidate:	
  set	
  zt = zt-1 !

as t ∞,	
  the	
  “state”	
  of	
  the	
  algorithm	
  converges	
  zt ~ P()!

Nota(on:	
  the	
  “dot”	
  just	
  
means	
  that	
  we’re	
  talking	
  
about	
  the	
  distribu(on	
  P(),	
  
not	
  the	
  probability	
  P(z)	
  that	
  
the	
  distribu(on	
  assigns	
  to	
  

some	
  event	
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METROPOLIS-­‐HASTINGS	
  ALGORITHM,	
  FOR	
  
GENERATING	
  SAMPLES	
  FROM	
  AN	
  ARBITRARY	
  
DISTRIBUTION,	
  z ~ P()!

set	
  t = 0	
  
choose	
  a	
  ini(al	
  value	
  z0	
  arbitrarily	
  
choose	
  a	
  “proposal	
  distribu(on”	
  Q(z* | z)	
  that	
  you	
  can	
  sample	
  from	
  	
  
do	
  while	
  t < ∞!
	
   	
  increment:	
  t = t + 1!
generate	
  a	
  “candidate”	
  	
  z* ~	
  Q(  | zt-1) from	
  the	
  proposal	
  	
  
calculate	
  the	
  “acceptance	
  probability”,	
  A(z*| zt-1)!
generate	
  u ~ U([0,1])	
  from	
  a	
  uniform	
  distribu(on	
  
if	
  u ≤ A,	
  accept	
  the	
  candidate:	
  	
  set	
  zt = z*!
elseif	
  u > A,	
  reject	
  the	
  candidate:	
  set	
  zt = zt-1 !

as t ∞,	
  the	
  “state”	
  of	
  the	
  algorithm	
  converges	
  zt ~ P()!

P()	
  is	
  called	
  the	
  “target”	
  
distribu(on.	
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METROPOLIS-­‐HASTINGS	
  ALGORITHM,	
  FOR	
  
GENERATING	
  SAMPLES	
  FROM	
  AN	
  ARBITRARY	
  
DISTRIBUTION,	
  z ~ P()!

set	
  t = 0	
  
choose	
  a	
  ini(al	
  value	
  z0	
  arbitrarily	
  
choose	
  a	
  “proposal	
  distribu(on”	
  Q(z* | z)	
  that	
  you	
  can	
  sample	
  from	
  	
  
do	
  while	
  t < ∞!
	
   	
  increment:	
  t = t + 1!
generate	
  a	
  “candidate”	
  	
  z* ~	
  Q(  | zt-1) from	
  the	
  proposal	
  	
  
calculate	
  the	
  “acceptance	
  probability”,	
  A(z*| zt-1)!
generate	
  u ~ U([0,1])	
  from	
  a	
  uniform	
  distribu(on	
  
if	
  u ≤ A,	
  accept	
  the	
  candidate:	
  	
  set	
  zt = z*!
elseif	
  u > A,	
  reject	
  the	
  candidate:	
  set	
  zt = zt-1 !

as t ∞,	
  the	
  “state”	
  of	
  the	
  algorithm	
  converges	
  zt ~ P()!

The	
  acceptance	
  probability	
  is:	
  

(we’ll	
  come	
  back	
  to	
  this	
  in	
  a	
  minute…)	
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METROPOLIS-­‐HASTINGS	
  ALGORITHM,	
  FOR	
  
GENERATING	
  SAMPLES	
  FROM	
  AN	
  ARBITRARY	
  
DISTRIBUTION,	
  z ~ P()!

set	
  t = 0	
  
choose	
  a	
  ini(al	
  value	
  z0	
  arbitrarily	
  
choose	
  a	
  “proposal	
  distribu(on”	
  Q(z* | z)	
  that	
  you	
  can	
  sample	
  from	
  	
  
do	
  while	
  t < ∞!
	
   	
  increment:	
  t = t + 1!
generate	
  a	
  “candidate”	
  	
  z* ~	
  Q(  | zt-1) from	
  the	
  proposal	
  	
  
calculate	
  the	
  “acceptance	
  probability”,	
  A(z*| zt-1)!
generate	
  u ~ U([0,1])	
  from	
  a	
  uniform	
  distribu(on	
  
if	
  u ≤ A,	
  accept	
  the	
  candidate:	
  	
  set	
  zt = z*!
elseif	
  u > A,	
  reject	
  the	
  candidate:	
  set	
  zt = zt-1 !

as t ∞,	
  the	
  “state”	
  of	
  the	
  algorithm	
  converges	
  zt ~ P()!

The	
  algorithm	
  is	
  VERY	
  
sensi(ve	
  to	
  the	
  choice	
  of	
  the	
  

proposal	
  distribu(on	
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METROPOLIS-­‐HASTINGS	
  ALGORITHM,	
  FOR	
  
GENERATING	
  SAMPLES	
  FROM	
  AN	
  ARBITRARY	
  
DISTRIBUTION,	
  z ~ P()!

set	
  t = 0	
  
choose	
  a	
  ini(al	
  value	
  z0	
  arbitrarily	
  
choose	
  a	
  “proposal	
  distribu(on”	
  Q(z* | z)	
  that	
  you	
  can	
  sample	
  from	
  	
  
do	
  while	
  t < ∞!
	
   	
  increment:	
  t = t + 1!
generate	
  a	
  “candidate”	
  	
  z* ~	
  Q(  | zt-1) from	
  the	
  proposal	
  	
  
calculate	
  the	
  “acceptance	
  probability”,	
  A(z*| zt-1)!
generate	
  u ~ U([0,1])	
  from	
  a	
  uniform	
  distribu(on	
  
if	
  u ≤ A,	
  accept	
  the	
  candidate:	
  	
  set	
  zt = z*!
elseif	
  u > A,	
  reject	
  the	
  candidate:	
  set	
  zt = zt-1 !

as t ∞,	
  the	
  “state”	
  of	
  the	
  algorithm	
  converges	
  zt ~ P()!

You	
  can’t	
  run	
  it	
  for	
  an	
  infinite	
  
number	
  of	
  itera(ons,	
  so	
  you	
  
need	
  to	
  make	
  decisions	
  
about	
  how	
  long	
  to	
  wait!	
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The	
  acceptance	
  probability	
  

•  Here’s	
  the	
  equa(on	
  again:	
  

– Note	
  that	
  it	
  depends	
  on	
  both	
  the	
  target	
  
distribu(on	
  P,	
  and	
  the	
  proposal	
  distribu(on	
  Q!
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The	
  “min”	
  part	
  isn’t	
  interes(ng:	
  it’s	
  just	
  
there	
  to	
  ensure	
  that	
  A	
  is	
  actually	
  a	
  

probability.!
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Probability	
  of	
  the	
  candidate	
  z*	
  under	
  the	
  
target	
  distribu(on,	
  rela(ve	
  to	
  the	
  

probability	
  of	
  the	
  current	
  state	
  zt-1.	
  In	
  
most	
  cases,	
  this	
  is	
  something	
  we	
  can	
  

calculate	
  (see	
  later)!
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A	
  correc(on	
  factor.	
  If	
  your	
  proposal	
  
makes	
  it	
  more	
  likely	
  that	
  you	
  try	
  the	
  
move	
  zt-1 	
  z*	
  than	
  the	
  reverse	
  move,	
  
(i.e.,	
  if	
  z*	
  had	
  been	
  the	
  current	
  state	
  and	
  
you	
  were	
  proposing	
  to	
  move	
  to	
  the	
  new	
  
loca(on	
  zt-1)	
  you	
  end	
  up	
  with	
  a	
  bias	
  that	
  

needs	
  to	
  be	
  corrected!
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Suppose	
  we	
  chose	
  Q	
  like	
  this:	
  
	
  z* = zt-1 + y + 1/3!

where	
  y ~ beta(2,4)!
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Suppose	
  we	
  chose	
  Q	
  like	
  this:	
  
	
  z* = zt-1 + y + 1/3!

where	
  y ~ beta(2,4)!

z*!zt-1!

The	
  red	
  curve	
  is	
  the	
  proposal	
  
distribu(on	
  that	
  we	
  would	
  
have	
  used	
  if	
  z*	
  were	
  the	
  
current	
  state,	
  i.e.,	
  Q( |z*)!

The	
  blue	
  curve	
  is	
  the	
  proposal	
  
distribu(on	
  that	
  we	
  used,	
  
given	
  that	
  zt-1	
  actually	
  is	
  the	
  
current	
  state,	
  i.e.,	
  Q(|zt-1)!
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Suppose	
  we	
  chose	
  Q	
  like	
  this:	
  
	
  z* = zt-1 + y + 1/3!

where	
  y ~ beta(2,4)!

z*!zt-1!

Q(zt-1|z*)!

Q(z*|zt-1)!

If	
  the	
  proposal	
  distribu(on	
  is	
  ASYMMETRIC,	
  then	
  in	
  
general	
  you	
  will	
  find	
  that	
  Q(zt-1|z*) ≠	
  Q(z*|zt-1)!
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Suppose	
  we	
  chose	
  Q	
  like	
  this:	
  
	
  z* = zt-1 + y !

where	
  y ~ normal(0,1)!

z*!zt-1!

Q(zt-1|z*)! Q(z*|zt-1)!

If	
  the	
  proposal	
  distribu(on	
  is	
  SYMMETRIC,	
  then	
  	
  
Q(zt-1|z*) =	
  Q(z*|zt-1).	
  	
  

This	
  is	
  called	
  a	
  “Metropolis	
  sampler”! 117	
  



Metropolis	
  –	
  Has(ngs	
  allows	
  asymmetric	
  
proposal	
  distribu(ons,	
  so	
  you	
  need	
  to	
  

calculate	
  the	
  correc(on	
  factor!
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Metropolis	
  algorithm	
  only	
  allows	
  
symmetric	
  proposal	
  distribu(ons,	
  so	
  we	
  

can	
  ignore	
  Q	
  when	
  calcula(ng	
  the	
  
acceptance	
  probability!!
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Why	
  is	
  this	
  awesome?!
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Why	
  is	
  this	
  awesome?!

In	
  the	
  generic	
  case….	
  we	
  
only	
  need	
  to	
  use	
  f(z).	
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Why	
  is	
  this	
  awesome?!

In	
  the	
  Bayesian	
  special	
  case,	
  we	
  
don’t	
  need	
  to	
  compute	
  the	
  sum	
  
over	
  the	
  hypothesis	
  space!	
  



So,	
  how	
  does	
  the	
  Metropolis	
  
algorithm	
  work?!
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P(z)!
THE	
  TARGET	
  DISTRIBUTION	
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P(z)!

THE	
  CURRENT	
  STATE	
  zt-1!
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P(z)!

SYMMETRIC	
  PROPOSAL	
  DISTRIBUTION	
  Q!
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P(z)!

CANDIDATE	
  z* GENERATED	
  FROM	
  
THE	
  PROPOSAL	
  DISTRIBUTION	
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A(z*| zt-1) = 0.5!

P(z)!

THE	
  CANDIDATE	
  z* IS	
  HALF	
  AS	
  
LIKELY	
  AS	
  zt-1	
  SO	
  THE	
  ACCEPTANCE	
  
PROBABILITY	
  IS	
  0.5! 128	
  



P(z)!

WHAT	
  HAPPENS	
  IF	
  THE	
  
CANDIDATE	
  IS	
  MORE	
  LIKELY?!
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P(z)!

A(z*| zt-1) = 1!

ACCEPT	
  WITH	
  PROBABILITY	
  1!
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The	
  Metropolis	
  algorithm	
  is	
  actually	
  
very	
  simple	
  

–  If	
  the	
  candidate	
  is	
  an	
  “uphill”	
  move,	
  always	
  accept	
  
–  If	
  it’s	
  a	
  “downhill”	
  move,	
  some(mes	
  accept	
  (based	
  
on	
  exactly	
  how	
  far	
  downhill	
  it	
  is).	
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Try	
  it	
  yourself.	
  

•  Construct	
  a	
  Metropolis	
  algorithm	
  to	
  sample	
  
from	
  this	
  distribu(on	
  (see	
  tech	
  note	
  if	
  stuck)	
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Applica(on	
  to	
  the	
  “AI	
  survey	
  data”	
  

•  Reminder:	
  
– Data	
  are	
  generated	
  from	
  a	
  mixture	
  of	
  two	
  
binomials,	
  one	
  with	
  parameter	
  θ0	
  and	
  the	
  other	
  θ1.	
  
Total	
  propor(on	
  of	
  the	
  data	
  from	
  θ0	
  is	
  φ.	
  

– Our	
  prior	
  is:	
  
•  θ1 ~ beta(5,50)	
  	
  (the	
  humans	
  don’t	
  believe	
  in	
  AI)	
  

•  θ0	
  ~ beta(50,5)	
  	
  (the	
  robots	
  do	
  believe	
  in	
  AI	
  
•  φ	
  ~ beta(2,20)	
  	
  	
  (more	
  humans	
  than	
  robots	
  in	
  the	
  survey)	
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Applica(on	
  to	
  the	
  “AI	
  survey	
  data”	
  

•  Reminder:	
  
– Data	
  are	
  generated	
  from	
  a	
  mixture	
  of	
  two	
  
binomials,	
  one	
  with	
  parameter	
  θ0	
  and	
  the	
  other	
  θ1.	
  
Total	
  propor(on	
  of	
  the	
  data	
  from	
  θ0	
  is	
  φ.	
  

– My	
  prior	
  is:	
  
•  θ1 ~ beta(5,50)	
  	
  (the	
  humans	
  don’t	
  believe	
  in	
  AI)	
  

•  θ0	
  ~ beta(50,5)	
  	
  (the	
  robots	
  do	
  believe	
  in	
  AI	
  
•  φ	
  ~ beta(2,20)	
  	
  	
  (more	
  humans	
  than	
  robots	
  in	
  the	
  survey)	
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Applica(on	
  to	
  the	
  “AI	
  survey	
  data”	
  

•  Reminder:	
  
– Data	
  are	
  generated	
  from	
  a	
  mixture	
  of	
  two	
  
binomials,	
  one	
  with	
  parameter	
  θ0	
  and	
  the	
  other	
  θ1.	
  
Total	
  propor(on	
  of	
  the	
  data	
  from	
  θ0	
  is	
  φ.	
  

– My	
  prior	
  is:	
  
•  θ1 ~ beta(5,50)	
  	
  (the	
  humans	
  don’t	
  believe	
  in	
  AI)	
  

•  θ0	
  ~ beta(50,5)	
  	
  (the	
  robots	
  do	
  believe	
  in	
  AI	
  
•  φ	
  ~ beta(2,20)	
  	
  	
  (more	
  humans	
  than	
  robots	
  in	
  the	
  survey)	
  	
  

Our	
  Metropolis	
  sampler	
  will	
  use	
  a	
  proposal	
  
distribu(on	
  that	
  is	
  a	
  normal	
  distribu(on	
  
with	
  mean	
  located	
  at	
  the	
  current	
  value	
  and	
  
std.	
  dev.	
  0.05.	
  It	
  will	
  only	
  resample	
  one	
  
parameter	
  at	
  a	
  (me…	
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METROPOLIS	
  ALGORITHM	
  FOR	
  THE	
  “AI	
  SURVEY”	
  DATA!
set	
  t = 0. !
choose	
  value	
  for	
  σ 

2	
  

choose	
  ini(al	
  value	
  θ00,	
  θ10,	
  φ0	
  arbitrarily	
  

separate	
  Gaussian-­‐proposals	
  for	
  each	
  parameter	
  
do	
  while	
  t < ∞!
	
   	
  increment:	
  t = t + 1!
	
  	
   	
  θ0t =	
  resample(θ0,t-1 , σ 

2)	
  

	
   	
  θ1t =	
  resample(θ1,t-1 , σ 
2)	
  

	
   	
  φt =	
  resample(φt-1 , σ 
2)	
  

as t ∞,	
  the	
  “state”	
  of	
  the	
  algorithm	
  converges	
  xt ~ P()!
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generate	
  a	
  “candidate”	
  	
  z* ~	
  normal(zt-1,σ 2 )	
  
calculate	
  the	
  “acceptance	
  probability”,	
  A(z*| zt-1)!
generate	
  u ~ U([0,1])	
  from	
  a	
  uniform	
  distribu(on	
  

if	
  u ≤ A,	
  accept	
  the	
  candidate:	
  	
  set	
  zt = z*!
elseif	
  u > A,	
  reject	
  the	
  candidate:	
  set	
  zt = zt-1 !

zt	
  =	
  resample(zt-1, σ 2 )	
  !
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RUN	
  DEMO	
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This	
  is	
  a	
  good	
  spot	
  to	
  ask	
  ques(ons…	
  	
  

(e.g.	
  “What	
  is	
  the	
  rela(onship	
  
between	
  Metropolis-­‐Has(ngs	
  and	
  

simulated	
  annealing?”)	
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Notes	
  on	
  MCMC	
  convergence	
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From	
  the	
  tech	
  note….	
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Monitoring	
  the	
  sampler	
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Monitoring	
  the	
  sampler	
  

143	
  



Monitoring	
  the	
  sampler	
  

Takes	
  about	
  20-­‐30	
  itera(ons	
  to	
  converge	
  
to	
  a	
  stable	
  solu(on	
  (for	
  hard	
  problems	
  
this	
  can	
  be	
  *much*	
  longer).	
  

This	
  period	
  is	
  called	
  the	
  “burn	
  in”,	
  and	
  
you	
  have	
  to	
  discard	
  the	
  burn-­‐in	
  samples	
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Monitoring	
  the	
  sampler	
  
The	
  samples	
  are	
  autocorrelated:	
  each	
  itera(on	
  is	
  
somewhat	
  dependent	
  on	
  the	
  last	
  one.	
  Typically,	
  we	
  
“thin”	
  the	
  samples,	
  meaning	
  that	
  we	
  only	
  “save”	
  the	
  
results	
  from	
  one	
  in	
  every	
  l itera(ons,	
  where	
  l	
  is	
  the	
  lag	
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Two	
  stable	
  solu(ons	
  

The	
  “correct”	
  solu(on:	
  there’s	
  a	
  few	
  robots,	
  and	
  they	
  believe	
  in	
  AI.	
  

humans,	
  θ1	
  

ro
bo

ts
,	
  θ

0	
  

P(
hu

m
an
)=
	
  φ
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Two	
  stable	
  solu(ons	
  

This	
  solu(on	
  says	
  that	
  most	
  of	
  the	
  respondents	
  are	
  robots,	
  and	
  that	
  
robots	
  are	
  more	
  skep(cal	
  of	
  strong-­‐AI	
  than	
  humans	
  	
  

(lower	
  prior	
  probability,	
  but	
  not	
  by	
  enough,	
  apparently…)	
  

humans,	
  θ1	
  

ro
bo

ts
,	
  θ

0	
  

P(
hu

m
an
)=
	
  φ
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Cases	
  where	
  it	
  found	
  the	
  good	
  solu(on	
  

Cases	
  where	
  it	
  found	
  the	
  bad	
  solu(on	
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Cases	
  where	
  it	
  found	
  the	
  good	
  solu(on	
  

Cases	
  where	
  it	
  found	
  the	
  bad	
  solu(on	
  

This	
  algorithm	
  does	
  a	
  good	
  	
  job	
  of	
  finding	
  one	
  
of	
  the	
  two	
  solu(ons,	
  but	
  rarely	
  finds	
  both	
  of	
  

them	
  on	
  the	
  same	
  run	
  

There	
  are	
  a	
  number	
  of	
  tricks	
  that	
  you	
  can	
  use	
  
to	
  help	
  ensure	
  that	
  your	
  sampler	
  explores	
  the	
  
full	
  distribu(on	
  be\er,	
  but	
  I	
  won’t	
  go	
  into	
  

them	
  today	
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Try	
  it	
  yourself.	
  

•  I’ve	
  put	
  the	
  AI	
  data	
  up	
  on	
  MyUni.	
  
•  Implement	
  your	
  own	
  Metropolis	
  algorithm	
  for	
  
solving	
  this	
  problem	
  

•  Try	
  varying	
  the	
  variance	
  of	
  the	
  proposal	
  
distribu(on,	
  σ 

2.	
  See	
  what	
  happens!	
  
– A	
  lot	
  of	
  the	
  art	
  to	
  MCMC	
  is	
  in	
  playing	
  around	
  with	
  
the	
  proposal	
  distribu(on	
  un(l	
  it	
  starts	
  to	
  work.	
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Over	
  lots	
  of	
  chains…	
  θ0	
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Over	
  lots	
  of	
  chains…	
  	
  θ1	
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Over	
  lots	
  of	
  chains…	
  φ	



51%	
  of	
  the	
  solu(ons	
  are	
  “good”.	
  But	
  cannot	
  trust	
  this,	
  
since	
  none	
  of	
  the	
  chains	
  managed	
  to	
  “visit”	
  both	
  of	
  the	
  
peaks	
  in	
  the	
  posterior	
  distribu(on!!!	
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This	
  is	
  a	
  good	
  spot	
  for	
  ques(ons.	
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LIKELIHOOD	
  WEIGHTING…	
  
ANOTHER	
  USELESS	
  FORM	
  OF	
  
IMPORTANCE	
  SAMPLING	
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Likelihood	
  weigh(ng	
  

•  In	
  the	
  Bayesian	
  context:	
  
– A	
  par(cularly	
  simple	
  form	
  of	
  importance	
  sampling	
  
for	
  posterior	
  distribu(ons	
  is	
  use	
  the	
  prior	
  as	
  the	
  
importance	
  distribu(on	
  

– set	
  Q(h) = P(h)	
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Likelihood	
  weigh(ng	
  

•  Simplifies	
  the	
  calcula(on	
  of	
  the	
  weights	
  w(hi):	
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P(h|x)!

P(h)!

The	
  problem	
  (again!)	
  is	
  that	
  if	
  the	
  
prior	
  P(h)	
  is	
  sufficiently	
  different	
  from	
  
the	
  posterior	
  P(h|x),	
  then	
  it	
  fails!



PARTICLE	
  FILTERS	
  

159	
  



The	
  par(cle	
  filtering	
  trick	
  

•  Sequen(al	
  data:	
  

–  The	
  datum	
  xt	
  is	
  generated	
  from	
  hypothesis	
  ht!
–  The	
  new	
  hypothesis	
  ht+1	
  is	
  generated	
  from	
  ht (in	
  some	
  
fashion)!

•  We	
  want	
  to	
  sample	
  from:	
  P(h4 | x1 … x4)!

x1! x2! x3! x4!

h1! h2! h3! h4!
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The	
  par(cle	
  filtering	
  trick	
  

•  Non-­‐sequen(al	
  data:	
  
	
   	
   	
   	
  	
  

–  Corresponds	
  to	
  the	
  special	
  case	
  where	
  ht+1 = ht !
–  I’ll	
  start	
  with	
  this	
  special	
  case	
  because	
  it’s	
  simple	
  to	
  
describe	
  

–  But	
  in	
  prac(ce,	
  it’s	
  actually	
  the	
  hardest	
  situa(on	
  to	
  make	
  
the	
  par(cle	
  filter	
  work!	
  

•  We	
  want	
  to	
  sample	
  from:	
  P(h | x1 … x4)!

x1! x2! x3! x4!

h! h! h! h!
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x1! x2! x3! x4!

h! h! h! h!

Let’s	
  suppose,	
  for	
  the	
  moment,	
  that	
  
we	
  actually	
  do	
  know	
  how	
  to	
  sample	
  
from	
  this	
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x1! x2! x3! x4!

h! h! h! h!

If	
  so,	
  how	
  would	
  we	
  
sample	
  from	
  this?	
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x1! x2! x3! x4!

h! h! h! h!

Answer:	
  importance	
  sampling,	
  with	
  likelihood	
  weigh?ng!	
  

That	
  is:	
  generate	
  lots	
  of	
  hi	
  values	
  from	
  P(h|x1, …, xt-1),	
  then	
  
assign	
  each	
  one	
  a	
  weight	
  propor?onal	
  to	
  P(xt|h). Recall,	
  the	
  
weight	
  of	
  the	
  i-­‐th	
  such	
  “par?cle”	
  is:!
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x1! x2! x3! x4!

h! h! h! h!

So	
  we	
  have	
  a	
  recursion:	
  if	
  we	
  can	
  
sample	
  from	
  this…	
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x1! x2! x3! x4!

h! h! h! h!

…	
  then	
  we	
  can	
  sample	
  from	
  this	
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PARTICLE	
  FILTERING!
for	
  i = 1 : n!
	
   	
  hi,0 ~ P(h)!
	
   	
  wi = 1 / n!

set	
  A0 = (w, h0)!
for	
  t = 1 : m!
	
   	
  set	
  v = 0!
	
   	
  for	
  i = 1 : n!
! ! !wi = P(xt | hi,t-1)!
! ! !v = v + wi!
	
   	
  for	
  i = 1 : n	
  	
  
	
   	
   	
  wi = wi / v!
	
   	
  set	
  At = (w, ht-1)	
  	
  
	
   	
  for	
  i = 1 : n!
	
   	
   	
  sample	
  hi,t ~ At!
	
   	
   	
  set	
  wi = 1 / n!
	
   	
  set	
  At	
  =	
  (w,	
  ht)	
  	
  !

Accurate,	
  but	
  not	
  helpful!	
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samples	
  from	
  	
  
P(h|x1,…,x3)!
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samples	
  from	
  	
  
P(h|x1,…,x3)!

What	
  do	
  we	
  do	
  when	
  x4	
  arrives?	
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samples	
  from	
  	
  
P(h|x1,…,x3)!

weight	
  by	
  
P(x4|h)!

weighted	
  “atoms”	
  
P(h|x1,…, x4)!
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samples	
  from	
  	
  
P(h|x1,…,x3)!

weight	
  by	
  
P(x4|h)!

weighted	
  “atoms”	
  
P(h|x1,…, x4)!

How	
  do	
  we	
  turn	
  these	
  “atoms”	
  
into	
  a	
  proper	
  sample	
  from	
  	
  P
(h|x1,…,x4)?	
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samples	
  from	
  	
  
P(h|x1,…,x3)!

weight	
  by	
  
P(x4|h)!

weighted	
  atoms	
  
P(h|x1,…, x4)!

samples	
  from	
  
P(h|x1,…,x4)!

sample	
  (with	
  
replacement)	
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samples	
  from	
  	
  
P(h|x1,…,x3)!

weight	
  by	
  
P(x4|h)!

weighted	
  atoms	
  
P(h|x1,…, x4)!

samples	
  from	
  
P(h|x1,…,x4)!

sample	
  (with	
  
replacement)	
  

EACH	
  SAMPLE	
  IS	
  
CALLED	
  A	
  “PARTICLE”,	
  
AND	
  THIS	
  PROCESS	
  IS	
  
A	
  VERY	
  SIMPLE	
  
EXAMPLE	
  OF	
  A	
  
PARTICLE	
  FILTER	
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A	
  problem…	
  

•  If	
  hypothesis	
  h	
  wasn’t	
  present	
  at	
  the	
  very	
  
beginning	
  –	
  in	
  the	
  ini(al	
  draw	
  from	
  P(h)	
  –	
  it	
  can’t	
  
ever	
  appear	
  in	
  the	
  approxima(on	
  to	
  P(h|x1 … xt)!

x1! x2! x3! x4!

h! h! h! h!
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samples	
  from	
  	
  
P(h|x1,…,x3)!

weight	
  by	
  
P(x4|h)!

weighted	
  atoms	
  
P(h|x1,…, x4)!

samples	
  from	
  
P(h|x1,…,x4)!

sample	
  (with	
  
replacement)	
  

NO	
  MECHANISM	
  
FOR	
  INTRODUCING	
  
NEW	
  h	
  VALUES!!!	
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Solu(on	
  #1	
  
•  Run	
  a	
  few	
  itera(ons	
  of	
  an	
  MCMC	
  sampler	
  on	
  the	
  
par(cles	
  every	
  now	
  and	
  then!	
  	
  

samples	
  from	
  	
  
P(h|x1,…,x3)!

weight	
  by	
  
P(x4|h)!

weighted	
  atoms	
  
P(h|x1,…, x4)!

samples	
  from	
  
P(h|x1,…,x4)!

resample	
  

samples	
  from	
  
P(h|x1,…,x4)!

MCMC	
  step	
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Dynamic	
  models	
  avoid	
  the	
  problem	
  

•  Reminder:	
  

–  The	
  datum	
  xt	
  is	
  generated	
  from	
  hypothesis	
  ht!
–  The	
  new	
  hypothesis	
  ht+1	
  is	
  generated	
  from	
  ht (in	
  some	
  
fashion)!

x1! x2! x3! x4!

h1! h2! h3! h4!
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Dynamic	
  models	
  avoid	
  the	
  problem	
  

•  Why	
  does	
  the	
  problem	
  disappear?	
  
– Because	
  the	
  maths	
  is	
  subtly	
  different:	
  

x1! x2! x3! x4!

h1! h2! h3! h4!
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Dynamic	
  models	
  avoid	
  the	
  problem	
  

•  Why	
  does	
  the	
  problem	
  disappear?	
  
– Because	
  the	
  maths	
  is	
  subtly	
  different:	
  

x1! x2! x3! x4!

h1! h2! h3! h4!

The	
  model	
  makes	
  a	
  explicit,	
  
probabilis?c	
  transi(ons	
  between	
  
hypotheses	
  as	
  data	
  arrive.	
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Dynamic	
  models	
  avoid	
  the	
  problem	
  

•  Why	
  does	
  the	
  problem	
  disappear?	
  
– Because	
  the	
  maths	
  is	
  subtly	
  different:	
  

x1! x2! x3! x4!

h1! h2! h3! h4!

The	
  consequence	
  is	
  that	
  the	
  par(cle	
  filtering	
  algorithm	
  
involves	
  an	
  extra	
  step	
  when	
  the	
  model	
  is	
  dynamic.	
  	
  

As	
  before,	
  we	
  sample	
  ht-1	
  from	
  P(ht-1 | x1 … xt-1) using	
  
our	
  par(cle	
  filter	
  approxima(on,	
  but	
  now	
  we	
  update	
  
the	
  sampled	
  ht-1	
  to	
  ht	
  by	
  drawing	
  from	
  P(ht | ht-1)!
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samples	
  from	
  	
  
P(h|x1,…,xt-1)!

weight	
  by	
  
P(xt|h)!

weighted	
  atoms	
  
P(h|x1,…, xt)!

samples	
  from	
  
P(h|x1,…,xt)!

sample	
  (with	
  
replacement)	
  

STATIC:	
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samples	
  from	
  	
  
P(ht|x1,…,xt-1)!

weight	
  by	
  
P(xt|ht)!

weighted	
  atoms	
  
P(ht|x1,…, xt)!

samples	
  from	
  
P(ht|x1,…,xt)!

sample	
  (with	
  
replacement)	
  

DYNAMIC:	
  

samples	
  from	
  	
  
P(ht-1|x1,…,xt-1)!

update	
  to	
  
P(ht|ht-1)!
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samples	
  from	
  	
  
P(ht|x1,…,xt-1)!

weight	
  by	
  
P(xt|ht)!

weighted	
  atoms	
  
P(ht|x1,…, xt)!

samples	
  from	
  
P(ht|x1,…,xt)!

sample	
  (with	
  
replacement)	
  

DYNAMIC:	
  

samples	
  from	
  	
  
P(ht-1|x1,…,xt-1)!

update	
  to	
  
P(ht|ht-1)!

THE	
  MODEL	
  ITSELF	
  HAS	
  A	
  MECHANISM	
  FOR	
  
INTRODUCING	
  NEW	
  h	
  VALUES!!!	
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Solu(on	
  #2	
  

•  Turn	
  your	
  sta(c	
  model	
  into	
  a	
  dynamic	
  one!	
  
•  We’ll	
  use	
  the	
  AI	
  survey	
  data	
  as	
  an	
  example…	
  

–  In	
  the	
  original	
  problem	
  descrip(on,	
  the	
  model	
  is	
  
sta(c,	
  and	
  described	
  by	
  the	
  parameters	
  θ0,	
  θ1	
  and	
  
φ.	
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Solu(on	
  #2	
  

•  Turn	
  your	
  sta(c	
  model	
  into	
  a	
  dynamic	
  one!	
  
•  We’ll	
  use	
  the	
  AI	
  survey	
  data	
  as	
  an	
  example…	
  

–  In	
  the	
  original	
  problem	
  descrip(on,	
  the	
  model	
  is	
  
sta(c,	
  and	
  described	
  by	
  the	
  parameters	
  θ0,	
  θ1	
  and	
  
φ.	
  

– What	
  happens	
  if	
  we	
  use	
  the	
  “species	
  assignment	
  
variables”	
  s = (s1, …., sM),	
  and	
  integrate	
  
everything	
  else	
  out?	
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Par(cle	
  filters	
  for	
  the	
  AI	
  data	
  

•  Let	
  the	
  k-­‐th	
  par(cle	
  (at	
  (me	
  t)	
  correspond	
  to	
  a	
  
set	
  of	
  species-­‐assignments	
  for	
  the	
  first	
  t	
  
respondents	
  st

(k)	
  = (s1
(k),…, st

(k))!
•  Since	
  we	
  have	
  a	
  latent	
  parameter	
  φ	



– where	
  mt
(k)	
  is	
  the	
  number	
  of	
  respondents	
  that	
  the	
  k-­‐th	
  

par(cle	
  has	
  classified	
  as	
  human	
  so	
  far.	
  

(This	
  follows	
  from	
  the	
  
discussion	
  of	
  the	
  	
  
standard	
  beta-­‐binomial	
  
model	
  from	
  earlier)	
  

188	
  



Par(cle	
  filters	
  for	
  the	
  AI	
  data	
  

•  Having	
  made	
  a	
  species-­‐assignment	
  for	
  
respondent	
  t+1 (for	
  par(cle	
  k)	
  the	
  probability	
  
P(xt+1|st+1

(k))	
  that	
  this	
  person	
  endorses	
  xt+1	
  
statements	
  is…	
  

– which	
  has	
  an	
  analy(c	
  solu(on	
  that	
  I’ll	
  make	
  
explicit	
  in	
  the	
  auxiliary	
  materials	
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PARTICLE	
  FILTERING	
  ALGORITHM	
  FOR	
  
THE	
  “AI	
  SURVEY”	
  DATA!

choose	
  p,	
  the	
  number	
  of	
  par(cles	
  

for	
  r = 1 : M	
  (i.e.	
  add	
  the	
  respondents	
  one	
  by	
  one)	
  

	
  for	
  k = 1 : p (loop	
  over	
  the	
  par(cles)	
  
	
   	
  	
  	
  	
  	
  sample	
  species	
  assignment:	
  sr

(k) |sr-1
(k)	
  

	
   	
  	
  	
  	
  	
  calculate	
  unnormalised	
  weight	
  w(k)	
  

	
  normalise	
  the	
  weights	
  so	
  that	
  they	
  sum	
  to	
  1!
	
  for	
  k = 1 : p (loop	
  over	
  the	
  par(cles)	
  
	
   	
  	
  	
  	
  	
  resample	
  par(cle	
  k:	
  P(new particle k = old particle j) = w(j)	
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BLUE	
  DOTS:	
  P(robot)!

This	
  is	
  the	
  right	
  answer:	
  4	
  
of	
  the	
  first	
  5	
  respondents	
  
are	
  robots!	
  However,	
  it	
  
makes	
  it	
  a	
  tricky	
  problem….	
  

*	
  note	
  that	
  this	
  visual	
  display	
  plots	
  P(robot)	
  rather	
  than	
  P(human)	
   191	
  



RED	
  DOTS:	
  plot	
  of	
  
es?mated	
  human	
  
beliefs	
  vs	
  robot	
  
beliefs.	
  Okay,	
  but	
  not	
  
great.	
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The	
  implied	
  θ	
  values	
  
have	
  moved	
  to	
  the	
  
right	
  spot	
  

The	
  implied	
  φ	
  values	
  
have	
  moved	
  to	
  the	
  
right	
  spot	
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RUN	
  DEMO	
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“RATIONAL	
  PROCESS”	
  MODELS	
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Why	
  are	
  we	
  doing	
  this	
  again?	
  

•  Reason	
  #1:	
  
– MCMC,	
  importance	
  sampling	
  and	
  par(cle	
  filtering	
  
form	
  the	
  basic	
  toolkit	
  of	
  all	
  modern	
  Bayesian	
  
computa(onal	
  sta(s(cs	
  

– Without	
  them,	
  you	
  can’t	
  solve	
  anything	
  except	
  the	
  
simplest	
  of	
  problems	
  

•  Reason	
  #2:	
  
– The	
  mind	
  has	
  to	
  solve	
  problems	
  that	
  aren’t	
  
simple.	
  Probably	
  has	
  a	
  similar	
  toolkit!	
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Reason	
  #1	
  

Bayesian	
  data	
  analysis	
  

MCMC	
  is	
  a	
  tool:	
  

The	
  AI	
  survey	
  problem	
  is	
  a	
  
simple	
  example	
  of	
  how	
  
researchers	
  in	
  the	
  social	
  
sciences	
  like	
  to	
  use	
  MCMC.	
  
That	
  is,	
  we	
  specify	
  a	
  
measurement	
  model	
  for	
  the	
  
data,	
  and	
  then	
  use	
  MCMC	
  to	
  
do	
  the	
  inference.	
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Reason	
  #2	
  

Bayesian	
  cogni?on	
  
Computa(onal	
  sta(s(cs	
  might	
  also	
  be	
  
an	
  explanatory	
  mechanism	
  

People	
  have	
  to	
  deal	
  with	
  the	
  exact	
  
same	
  problems…	
  the	
  world	
  is	
  complex,	
  
and	
  has	
  lots	
  of	
  variables	
  that	
  you	
  need	
  
to	
  draw	
  inferences	
  about.	
  Maybe	
  
MCMC	
  &	
  par(cle	
  filtering	
  is	
  how	
  
humans	
  solve	
  the	
  problem!	
  

This	
  idea	
  is	
  called	
  ra?onal	
  process	
  
modelling	
  –	
  the	
  idea	
  that	
  sta(s(cs	
  
doesn’t	
  just	
  solve	
  problems	
  at	
  Marr’s	
  
computa(onal	
  level	
  (using	
  Bayes	
  
theorem),	
  it	
  also	
  provides	
  solu(ons	
  at	
  
the	
  algorithmic	
  level	
  (via	
  MCMC,	
  etc)	
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